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Structure Theory



In this chapter we wilil dewelopa a structure theory for alteroativa

alpebras with d.c.e. on quadratic ideals analogous to the Artis-ledderbur

1 -I: '.-. ] N G
theory Zor associztive aloghras, Ve shoy semisimple aleebras break into

a direct sum of simple algelirag, and simple algebras are associative or

Cayley algehras,
1. The First Structure Theorem

In this saction we wast to daconoose semisimple Arvtinian altcrnative
alzebras into simple Ploceas; the next section will invastigale the mature
of thesa pisoas,

An alterﬂztivﬁ-algﬁhra s Artinian 1f it has *the d.c.c. on guadratic
id=als, Since quadratic ideals play iu alternacive alpebras the ygle
that onz-sided ideals play in associative elpabras, thiz definition is
formally analogoug to the definition of Artinian associative algabrasg,

By the Radicatl Equivalenze Thaorew VI.0.0, in the presance of the

dueaes senisioolicity is equivalent Fe strong semiprimenssz. I will Be
more convenient o work with skrong seﬁffrimeness, 8¢ allhongh we state
cur theorems in terms of semisimpliclty we preve them in ferms of stronpg
semlorimaness,

W2 dipress momentarily to note a usetful couseguence o0F tha doe.c,,
namaly the masimum condirion on idempolents. Foughly, the higger the

idommotent the smaller ike Peirtce Zero-space (which {5 a quadrarie idaall,

i) =10 A

Lerma, Lf A has d,e.c. on guadratic ideals nf ths form
: = 11—

Ihl
Tan

for idempotents e € A, then 1t has the a.c.c. on idempotents e & A,



2roeof, Lot e, v, < ... be an increasing chain of idoiipotents.
Than Agle ) DA (e)) D ... is a decveasing chain of quadratic idaals

gince

g < frﬁ;ntﬂn[n} DEDHEE} "

Tnde=ad, x & .-".ﬂ_n{f} = fx o= wf =0 “—'5}(::{ = 1fellx = II'.’[F.{FJ-E:'?I = i) =

flelf o= wifadbl = e =Sz 2= 4 (2), If this chaia torminaees, A fe )
1 o
= A fe ) = ..., 50 must tho oricinal chain in view of
O [ Ry e o 2

e < £, :—'-.Gﬂ{e} = Am]{ﬂ == a = f
Indead, 2 = & + g for e, p orthogonal idempotznts in EAL so g helongs to
() and al f (g) = £)3 'h i ’ R W £} = 0 thi
;LLL‘) i z2lsc tao Ijﬂ{c] AU[I{ )i bur since ;all{f;ﬂ ﬂﬁ[i} 0 this

forces g =0 and 2 = £, B

In building up and tearing down algebras we nesd te knew d.c.c. and

strong semiprizensss are pressarved.

1.2 (Inheritance Lemma). A = 'h'l ... BA is Arcinian or strongly
Tl
semiprime 4ff each factor _+"._,I ig. If A is Artinian or strongly semiprime

so ix any Pairvoe subalgebra cic (Ffor e & a).

Froef. Since muleiplication din Al'ﬂi s A ds componentyise, B
(&}
is a quadratic ideal in A iff B = B, Bg...8 B, fur B, quadratic ideals

in A,. From this it is clesr A has d.c.e. 1ff ecach :'-5.1_ haa dic.e. We
i

alzn ges (VI.0.0) z = 7 + b F z igs trivial in A 1EF cach z. is
L q.

trivial in &,. =0 A iz stronply scmiprime 1F7 each A, is
g i
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If A has dee 80 doss any Peirce subalgebra i_i (i = 0,1) bezauss
1

any gquadratic ideal Bii in Ai

UB..ﬁ =l Ay (by Peirce U-Relatiecns VI1,3,19) C Eii' We also noted

i
L L

: is already a quadratic ideal in A3

(VI.4.0) that if A is stromgly semiprime so is any Ay g i |

it is not hard fa show that strong sewmiprimensss is inherited by
idagles (zee VILA.D). bub {2 43 nat clear that ideals inherit the d, 0.0,
Our nzxt vesnlt will sav ideals in Artinian algehras have units; it
would be conceptually simpler to prove alpshras have vaits (though the
proof would be alwost esacily the same), thzn daddce ideals have wnits
bacause thay inherit the d.c,w. from the parent algebra.

In lieu of any such inhericance resulb, the requisite lewma becomes

slightly technical,

1.3 (Unit-building lemmz}. Supposs 3 is an dideal in a strengly somi-
prim: Artiniac algebra A containing an idempotent . If & is maximal

among all {dampotents of 3 having Lthe forme = £ b T e

i=1 1
crthegonal division idempotents in B, then e is actually 2 unit for B.

Eor e,
a

Proof. Such maximal idemootents exisl by the a.c.c. on idempatents

in A, Tn the Peires decompositlions A = A, + }1__0 + A+ A and B =

11 a1 (1]

. F B, B+ elative Lo e, we hav = P :
fyg ¥ lyg Ty T By FRIALIVE Lo 8, wRlavE Aje® Bugo g B i
B since i o Y = gl - A 3 g &
FUL since All 1 AHJ . ah e © EA + ARC K. Was hope to shom
Byp = ™ Lthen as in the Peirce Triviality Condition VII.2.2 the elsments
o are B 17 R | I ! T A=T1 x| i
of le": a#nd ﬁf.ll will he trivial 4n A, {T_h1n Lh_.ﬁﬂ'ﬂl'l. D.m{ﬂ.ﬂ.lh_]_ﬂ} ol

1 e s . i i = \.-" g v 5 ne ... M 1o o 1
blﬂrﬁﬂ 0 and ub A {:Hﬂﬂblﬂ 0} g0 by strong serdoripeness Blﬂ EDI

10
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=) and B = 311 has enit e,

Mo Bag = Eﬁﬁm is a quadratic {deal in A; if it wers nonzero
it weuld contain a winimal quadratic ideal C. Case I (C = dz, z trivial)
of the Minimal Quadratic Ideal Thaorem V.5.3 i1s ruled oub by strong semi-

arinengss, Gase 1T (0 = edz, e division) furnishes a division idempotent,

25 deoes Case TTF (0 = hah where & = hd iz division; hera e € BAGC B aad

Fh

wince LT b = hab for h = :_‘-0,} than zlso b - hg amd s

L
= “HnnY

can take d o= Hm}?.--‘_-‘:mji F‘II:I:]:I. Thus ir H!"-D were nonzretTos 1t would contain

£ division idemmokent En+l # 0, in whiech case & + € 41 :=I e would he a
il
bigger idempotent of ths form [ + & 2., vontrary to maximality of e.
4 i

E i
=t

Ha must therafors have B,}n = (1, and 2 i& the desived unit. s
Thus we can enlarge any idempotent f in 5 to s unit e for B, We

can alwavs ctart with £ = 0, sn

1.4 (ldeal Unit Theoren). Everw ideal 4m a semisinmple Artinian alpehra

La

kas a unit.

This will guaraatee we can aplit the algebra into simple pleces.
fnother conclusion we can drav is thas Uhe whole algehra has a unit,

V2 g nlce onst

1.2 {Theoram of ths Unis). Bwvary semicimole Artinian algebra has =2
T

uic 1 = g e. which is 2 suw of orthogonal division idamootencs. &3
=] T

The rsason we want idsals to have units is the

1.6 Propesition. Tf an ideal Bl A in an alternative azlgebra has a

unit elemant e, it fs 3 divcer summand



A=3 H B (3,B' < 4) .

Progf. Iz the Peirce decompositicn of A relative to 2 we have

A +4  F A = ph+AsC B if e .t A if e acts as i
11T 4 01 SR ifegPBRad BEC 11 if e acts as unit
for 3. Therefore B= A, cad A=A =0. Then A=A [ A =
11 1 2s IR ¥ ? 11 B A
313 3" whers in ths absende of _-{_”1_ and A’_]'I the Peirce schalgehra !‘r'-ﬁ

L A

hacames an idzal orthozonal oo A

fOnce wa can split off ideals we can break the algcbra inteo simole

pizees. This is ouwr flizsl stracturs thaorvem.

1.7 (Firast Artic—Zorn Structurs Theorem) An alternavtive algehra A is

semisizeple Aveinian 1iff it is a finite direct sum A =4 B ... 8 _J!Ln of

idaal=s which are simpla vnital Avtiniapn algesbras. !

Progf. LT A ds strengly sewmiprime we have just seen that all ideals
are dizsot summands. Bince two-sidad ddeals are just the suhspaces

invariant undéer the mulciolicaticn algebra M{A), the fact that all M{A)-

s

submodules have complemsnts means A is completely reducible as HiA)-modules,

zo Aois oa dirsct sum of mindmal idsals = irredocibls M{A)-modules),

[Mors prosaieally, we can split off one minimal fdenl at a Lime until Lthe
process stops with a decoumposition of A 25 a direct suwm of mindmnal ideals.
In ome £211 swyonn: 12t B bhe minimal ameng those ideals which are net
direrT sums of minimal A-ideals. Then B ois not itself minimel, so by

s it zontaios a minimal € From A = C B 0! we have T =

CHB R for B' = 3N C' by Dedakind's Modular Law, where C and B' are

gnaller A-ddeals than 2 and conssquently direct sums of minimal ideals,



so0 B = CHAI is zlso such a2 dircet sum, econtradictiom. !}

Thus & = A 15 . .| aﬂ fer (unital) minimal ideals A,. As direct
L

sunmands the !Li inherit the d,c.e. (by Inheritence 1.2) and also simpli-

clty because by cirectnass any ﬁiuideal Bicﬂ 4, 1s automatically invariant

e l=t . Tom ey ie - - I | Aow : . o=
under the other .-“L_i and hence an A-ideal Bi <] A: thus as algebras the A,
contaln no proper ideals, and A7 # 0 by semiprimeness of A ox unitalisy

5 >
o A,, 80 the A, ars dimnle.

i 2 i

Conwversely, if A=A B ... @A for sivple unital Artinian A, then

Il i

L

A ds Artiaian and stronely semiprime hy Lerma 1.2 (mote A, are strongly
L

semiprime: 5{A_ ) is 2 nil ideal by VI.4.0, =co E{Ai:l # A& since Ai in

As 1o the associetive case, such a decompositdion 1z stronsly unlgue,

Iire follewing argumsnt works in any linear alpgebra.

1.8 (Flrst Unigueress Theorom) I0 A is a direct sum A = A 'EE!J'&E"EB

=] A of simple umital idzals then this decomposition is unique: the A,
I i
zrz praclsaly 211 the minimal dids=als of-A. Moveover, any ideal B of A

iz composed of cevtain of these simple pilsces: B = Ai B8... EAi .
1 i

Procf. We caly have Lo prove the Tast part, for it implies that any
migimal ifdeal must have the form B = 1’-‘11_ for sowe L, =0 the A, are uwniguely
A
determined as the minimal ideals.

The projection of A onto tha surmand Ai is a multiplication cparataor

L =32 e, thewmit of A, if =2+ cui +x forx, & A, then
e, &, i i 1 n i |
1
B, = ¥, = xe, since e.%, = ¥, = x.¢, (e, ds unil con A.) and e.x, = 0 =
. I L £ L i o o 1. 1 1 1

X, €, (A, znd A, are nrthogonal for 1 4 4). If B is an ddeal it is dnvariant



-~

under thase mulkizlications, so B = Bi & .. 23 de-the direct sum of
its compunents Ei = EiB = B(l4, . But E-J =R &, 15 an ideal of A
i _ i

containad in ;—‘Li, so by winfmality B, is either &, or 0. Thus B is the
L L
sum of thoss fﬁ.i for which 'Ji =A. 0
i

1.% {Isomorphism Criterion) ‘iwo semisimple Artinion algehras A = ﬁlTE
ay o )
oB A and &= .'5.1 | ... 8 A_“l are dsomorphic iff n = m and (afresx

re-nrisring) A, = :‘LJ__ for cach .

3

v L3 odn dsomerphlam chen F(.ﬁlj,...,f‘(i b ars all the
fal

T
—

o]

Pronf, I8 A

].I

L
A, "

I3 [ 477 e ! I-'U
mirimal idzals of A, henca up to order are .'."Lj e I
n
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BXeYCises

Show 2 < £ 47f Allfc}-ﬂ Allff}. Show o < f in A iff 1~e > 1-F 4n

-

Fil Py
ol | o — '\ - - ral
A, with AGD{&} A fiﬂll[l e, AGD{I, AN &]]f] £)., Tedurca

e < f implies A {a A _(£).
T ﬂﬂk} =] fm[
L2 & 2is unitel, show A has gre.on idempotents I0F it has dee on

idammptents. [a g2netal, show A has zee, or dep. on idewpeteacs LT

it has s ar dee, on quadratic ideals of thae form eAs A, Ced.
If c€ A ds regulsar and B A show LBLC cBe i€ hah € che,  If
h, € # <4 ave regular conclude the chain of guadratic ideals

b 331 im derrassing LFF the b

i Ahi Are, ao it A ds regulsr and has

i
d.c.c. on principal gquadratic ideals se dozs B.  Bepeat for laft
and right vrincipal guadratic ideals.

Show that if B = bib coantains ne triwvial elements and is minimal
amang princinozl quacratic ideals of A, it is actually minimal anong
all guadracias ideals.

4 1s strongly semiprime with d.c.e. on principal quadracic ideals

show every quadratie ideal contains & minimal quadrasic ddeal,
Thus in the strongly semiprime cass we can el by with doc.c.
enly oo principal guadratic dideals. Lowewer, this dees not suffice

ia rthe gepeval case.

¥ A 1dis a trivial algebra shew A Las doe, on principal guadratic
ideals =Ax; show A has deoe on all xAx for x 2 & if0 4 has dge, on

submodulss oA for o € 98 show & hae d.c.o. on all guadratic ideals

iff A kas 2.o.c. oo osubamoedules.



